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Abstract In this paper we continue with the investigation of the behavior of the integrated
density of states of random operators of the form H,, = —Vp,, V. In the present work we are
interested in its behavior at 0, the bottom of the spectrum of H,,. We prove that it converges
exponentially fast to the integrated density of states of some periodic operator H. Being pe-
riodic, H cannot exhibit a Lifshitz behaviour. This result relates to the result of S.M. Kozlov
(Russ. Math. Surv. 34(4):168-169, 1979) and improves it.
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1 Introduction

Let H,,, be the self adjoint operator on L?(R%) formally defined by:

d
Hy=H(py) ==V p, V=0 pud, (1.1)

i=1

where p,, is a positive and bounded function. H,, describes a vibrating membrane in random
medium, see [1, 24] for the physical interpretations and the motivation of the study.

Let us start by defining the main object of our study: the integrated density of states.
For this, we consider A a cube of R?. We note by H, A the restriction of H, to A with
self-adjoint boundary conditions. As H,, is elliptic, the resolvent of H, , is compact and,
consequently, the spectrum of H,,  is discrete and is made of isolated eigenvalues of finite
multiplicity [22]. We define

Na(E) =

1
Vol (&) - #{eigenvalues of H, 5 < E}. (1.2)
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714 H. Najar

Here vol(A) is the volume of A in the Lebesgue sense and #A is the cardinal of A.

It is shown that the limit of N, (E) when A tends to R? exists almost surely and is
independent of the boundary conditions. It is called the integrated density of states of H,
(IDS as acronym) in what follows we denote it by N. See [21].

The question we are interested in here concerns the behavior of A at the bottom of the
spectrum of H,,.

Let us give a brief history of this subject. In 1964, Lifshitz [14] argued that, for a
Schrédinger operator of the form H,, = —A + V,, there exists ¢, ¢z, @ > 0 such that N'(E)
satisfies

N(E) ~ciexp(—cy(E — Ep)™), E — Ej. (1.3)

Here Ej is the bottom of the spectrum of H,. The behavior (1.3) is known as Lifshitz tails
(for more details see part IV.9.A of [21]), and « is the Lifshitz exponent. Usually such an
exponent is of the form %, where d is the dimension. We notice that the Lifshitz behavior is
among the properties expected for random operators.

Lifshitz predicted (1.3) also at fluctuating edges inside the spectrum. We refer to this
asymptotics by “internal Lifshitz tails”.

The principal known results on Lifshitz tails are mainly shown for Schrédinger operators
(for continuous and discrete cases). See [6-8, 10, 13, 21, 23] where some of them use the
Donsker and Varadhan technic [4, 5].

Lifshitz tails for an operator of type (1.1), was the subject of previous works [15-18],
where we get the behavior of A at the internal band edges of the spectrum of (1.1). It was a
Lifshitz behavior (N decreases exponentially fast at the internal edges).

For classical random Schrodinger operator it is known that the bottom of the spectrum
is a fluctuating edge [6, 19]. In the present situation, for the spectrum minimum, it should
be noted that 0 is not a fluctuating edge of the spectrum [24]. It belongs to the spectrum of
H, independently of the choice of the random variables in p,(x). As p,, is bounded, using
a variational formula and a Weyl type asymptotics one gets that there exists C > 1 such that

d/2

E
< = N(E) < CEY2.

This yields that A can not decrease faster than Ef% at0.

In [20] elliptic operator in the divergence form on a random strip is considered, and it
is proved that the integrated density of states of the relevant operator exhibits the Lifshitz
behavior at the bottom of the spectrum. We notice that in [20] Lifshitz tails at the bottom of
the spectrum is a consequence of the geometry of the domain.

For d = 2, under some assumption on p,,, and using the Laplace transformation of N/,
the fundamental solution of the heat equation as well as Tauberian Theorem, Kozlov [12]
gets the behavior of A" with an error order of E%/2,

In the present work using periodic approximations and probabilistic arguments we com-
pare the behavior of the IDS of H, to that of some periodic operator H with an exponential
precision.

1.1 The Model

Consider the operator

H,=-Vp,V, (1.4)
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Non-Lifshitz Tails at the Spectral Bottom 715

where p,, is a bounded, Z?-ergodic random field such that there exists some constant p, > 1,
satisfying

Py < po < pa- (1.5)
We assume that p,, is of Anderson type i.e. it has the form
poX) =pT () + Y @, (x =), (1.6)
yezd
where

e ptis a—Zd—periodic measurable function,
o p"is a compactly supported measurable function,
o (wy),cz¢ are non trivial, i.i.d. non degenerate random variables.

Let H(p,) be the quadratic form defined as follow: for u € H'(R?) = D(H(p,))

H(pw) U, u] :/d Po(X)Vu(x)Vu(x)dx.
R

H(p,) is a symmetrical, closed and positive quadratic form. H, given by (1.1) is defined to
be the Friedrichs extension of H(p,,) [22].

The choice of our model ensures that H,, is a measurable family of self-adjoint operators
and ergodic [6, 21]. Indeed, if 7, refers to the translation by y, then (7)), ¢z« is a group of
unitary operators on L2(R?) and for y € Z¢ we have

7, HyT-y = Hy)-

According to [6, 21], we know that there exists X, X,,, X, and X, closed and non-
random sets of R such that X is the spectrum of H,, with probability one and such that if o,
(respectively o, and o;.) design the pure point spectrum (respectively the absolutely con-
tinuous and singular continuous spectrum) of H,, then X,, = 0,,, X4 = 04 and X;c = 0y,

with probability one. It should be noted that the bottom of the spectrum of H, is 0, and this
is independent of the choice of p, (x).

1.2 The Result
We shall prove

Theorem 1.1 There exists t > 0,0 <a <d/(4(d+ 1)) and C > 1 such that when E — 0t
we have,

N@O) —Ce 5" <N(E)<NE+EY+CeET, (1.7)

where N is the integrated density of states of the following periodic operator
H=-VpV,; (1.8)

and p =K (p,,).

@ Springer



716 H. Najar

Remark 1.2 (1) Notice that the improvement over Kozlov’s result essentially consists in the
estimate of the remainder term and the exponential precision and the dimension d can be
different of 2 in the present study.

(2) We do not believe this estimate to be optimal: namely, we expect the exponent « to
be larger than the one we found in the present study.

2 The Periodic Approximations

Pick n e N\{0} = {1, 2, 3, ...} and define the following periodic operator

H'=—-Vp'V,
where,
ph=pt+p0"=p @0+ Y. @, Y. pPa—y+p).
yeA,NZ4d Be@n+1)24
and
2 1 2 1
An={xeRd;V1§j§d,—n2+ <x; < " }

For w fixed and n € N\{0}, H" is a (2n + 1)Z“-periodic self-adjoint Schrodinger operator.
Let w = E(wp). We set

pr=pt i =pt 4+ Y @ Yy -y +p),
yeA,NZ4  Ben+1)Z4
and
H' =-Vp'V.
2.1 Some Floquet Theory

Now we review some standard facts from the Floquet theory for periodic operators. Basic
references of this material are in [22].

Let the torus T, ; =R /{ (2311) 7). We define H,, by

H, = {u(x,0) € L, R) ® L*(T;,,); Y(x,0,y) e R x T, x 2n+ DZ%;

loc

ux+y,0)=e"u(x,0)).

There exists U a unitary isometry from L?(R?) to H, such that H" admits the following
Floquet decomposition [22]:

®
UH:,U*:/ H"(0)d6.
T;n#»l

Here H)(6) is the self adjoint operator on H,, ¢ defined as the operator H)} acting on H,lhg
with

Hpo={ueLll R):Vy e2n+DZ u(x +y) =e"u(x)},

loc
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Non-Lifshitz Tails at the Spectral Bottom 717

and
Htlz,ﬁ = {l/t € Hn,@; 8?” S Hnyg; |O[| = 1}

We define H”(6) by the same meaning.
As H; is elliptic, we know that, H;(0) has a compact resolvent; hence its spectrum is
discrete [22]. We denote its eigenvalues, called Floquet eigenvalues of H(6), by

Ey(n,w,0) < E\(n,w,0) <--- < Ex(n,w,0) <---.

The corresponding eigenfunctions are denoted by (w(x, -)i)xen. The functions (0 —
E.(n,w, 0))rey are Lifshitz-continuous, and we have

Ey(n,w,0) - +0o0 as k — o0 uniformly in 6.

The spectrum o (H!) of H! has a band structure, i.e.

o(HY) =) Ex(n. 0. T, ).
keN

Let NV be the integrated density of states of H”; it satisfies

" 1
NE1=3 o |

N {0€T5, , 1: Ex(n.0.0)<E}

1 n
OZW/* V(H!(0), E)do.  (2.9)

2n+1

Here V(B, E) is the number of eigenvalues of B less or equal to E. Let d ! be the derivative
of M in the distribution sense. As A" is increasing, d N is a positive measure; it is the den-
sity of states of H'. We denote by d\ the density of states of H,,. For all ¢ € C{°(R), dN?.
verifies [10],

1
(p,dN;) = /T try,, (9 (H,(6)))do = r(xa, @ (Hy)xa,),  (2.10)
€T

(2m)d Sl vol(Ay)

where for A C RY, x, will design the characteristic function of A and tr(A) is the trace
of A (we index by H, ¢ if the trace is taken in H, ¢). Now, we state a result proven in [16].

Lemma 2.1 [16] For any ¢ € Ci°(R) and for almost all w € Q we have

Jim E({p, dNG)) = (¢, dN).

Moreover, we have that the IDS of H,, is exponentially well-approximated by the expec-
tation of the IDS of the periodic operators H" when n is polynomial in e~!. More precisely
we have

Theorem 2.2 [17] Pickn > 0and I C R, a compact interval. There exists &g > 0 and p > 0
such that, for E € I, ¢ € (0, &9) and n > ¢, one has

-n

EW(E +¢/2)) —EW"(E —¢/2)) —e™*
SN(E+e)—N(E—¢)
<EW"(E +2¢)) —EN"(E —2¢)) +e* . (2.11)
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Remark 2.3 This lemma is proven in [17] (Lemma 3.3) for acoustic operators and in [11]
for the Schrodinger case. The proof is based on the Helffer-Sjostrand formula and the re-
solvent equation with the exponential decay of the resolvent kernels (the Combes-Thomas
argument) and the properties of Gevrey class functions.

2.2 The Study of the IDS of the Periodic Approximations

As it is mentioned in this section we will study the IDS of the periodic approximations and
precisely we will prove an analogous theorem to Theorem 1.1.

Theorem 2.4 There exists a > 0 and a set Q, g o such that we have,
N(E — E*) = CP(Qu.£.0) SNL(E) <N'(E + E*) + CP(Q.£.0)- (2.12)

where N is the IDS of H".

For a vector space £, we note by dim(€) the dimension of £. We have,
V(H, (), E) = sup{dim&; &£ C H,llye, such that, Yu € & (H"(0)u, u) < E||ul|*}
=sup{dim&; £ C H,llye, such that, Yu € &;
((H©0) = H ©))u,u) + (H" O)u,u) < Ellul’*).
Let o > 0. We set
EXO) = (w e H) 43 1((H©O) — H @)u, u)| < E||u])?),

and .
E©O)={ueM,y [((HLO)—H 0)u,u)| > E“|lul*}.

Then we have,
V(H; (), E)
<sup{dim&; & C £(0), such that, Yu € &; (H, (0)u,u) < E|ul?}
+sup{dim&; £ C &' (0), such that, Yu € &; (H,(0)u,u) < E|ul?}
<sup{dim&; & C %), such that, Vu € &; (H (O)u,u) < (E + E%)|u|*}
+sup{dim&; £ C & (0), such that, Yu € &; (H,, (0)u, u) < E|lu|?}.
So, we get
V(H} (), E) < V(H (0), (E + E%)
+ sup{dim&; € C £5(0), such that, Yu € & (H"(O)u, u) < El|lul*}. (2.13)

*

Now integrating both sides of (2.13) over T%, | and taking into account (2.9), we get that

—n 1 .
N'(E) < N"((E + E*)) + (2—)‘1/ sup{dim&; &€ C £5(0), such that,
T T;n-H

Vu € £ (H'O)u. u) < Ellu|®})d6, (2.14)

where N is the IDS of H'".
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Non-Lifshitz Tails at the Spectral Bottom 719

As,

sup{dim&; € C & (0), such that, Yu € &; (H(0)u, u) < E|ull®)
<dim{u; Yu € H! 53 (H2O)u,u) < Ellu). (2.15)
Using (1.5), we get that the right side of (2.15) is bounded by the number of eigenvalues

of —A"(0) less than Ep, which is it self bounded by Cn¢ (C depends only on E). As the

volume of T3, | is ( (2311))‘[ we get that for some C > 0 we have

EWN"(E)) <N"(E + E*) + CP(Q,.£.0), (2.16)
with
Qo= (0 30 €RY 3u € £(6); (Vu, Vu) < Epyl|ull?}.
Now let us consider
V(H" (6), (E — E*)
=sup{dim€&; &£ C 'H,l,ﬁ, such that, Yu € &; (ﬁ”(e)u, u) < (E — E9)|ul*}
=sup{dim&; £ C H,llye, such that, Yu € &;
(H"(0) — H2O)u, u) + (H2O)u,u) < (E — E)|ul®)
<sup{dimé&; £ C &7 (), such that, Yu € £; ((H,(O)u,u) < E|ul?}
+ sup{dim&; € C £2(6), such that, Yu € &; (H' (O)u, u) < (E — E)||u?}.
Using the same computation carried out from (2.13-2.16), we get that
N'(E = E*) = CP(Q,£.4) < N (E). 2.17)

This ends the proof of Theorem 2.4. |

3 The Proof of Theorem 1.1

To prove Theorem 1.1 it suffice to take into account the results of Theorems 2.4 and 2.2 and
Lemma 2.1 and estimate P($2,, g ). It is the purpose of the following lemma. It is a large
deviation argument.

Lemma 3.1 There exists T > 0 such that for E sufficiently small and n large, we have
]P)(Qn.E,a) S e_E_T
Now the proof of Theorem 1.1 is just to take into account Theorem 2.2 and Lemma 3.1

Proof of Lemma 3.1 We prove this Lemma using techniques of [9]. We have Q, g, C
Q with

n,E,a°
Q, po = {0 30 €R% Jue H'R; ull pgey =15 [Vull? < Epy;

n,E.a

and |((H(0) — H (0))u, u)| > E*}.
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720 H. Najar

Let us estimate the probability of the latest events. Notice that we asked that

(H!(0) — H (0)u,u)| =

d
D (0" O) = pOm(O)dyu, du)| = EXlul®. (3.18)
i=1

Let u € H'(RY), then u can be written using the Floquet decomposition of —A as:

u—Z/ Xk (@) wi (x, 0)do,

keN 2n+1

where (w(-, 8)x)k>0 are the Floquet eigenfunctions of —A;‘: associated to (Ex(0))i=0-
By this, for u such that (—Au, u) < Ep, we have:

(Z[ |E(©)] |xk(0)|2d0) <CE%. (3.19)

k>0 211+l

0 is the bottom of the spectrum of —A. It is a simple non-degenerate Floquet eigenvalue
[22]. Hence there exists C > 0 such that

e Fork#0,v0 €T, .,
|[E(0)| = 1/C, (3.20)
o And3Z ={0; €T3, |; 1 < j <nop} such that Ey(0;) =0.

|Eo(®)| = 1/C inf |0 —6,P" (3.21)
=j=ng

Let 21 + 1) =[E~"/**2'], . [E~"], and (2k + 1) = [E~"],, where & < p’ < 4(d+]) and
n > 0 such that (2/ +1) - (2k+ 1) = 2n + 1. Here [-], denotes the largest odd integer smaller
than -.

From (3.19-3.21) we get that

noy

Z/ lxx(0)2d6 + Z/ Ix0()?d6 < CE*1> < CE*'. (3.22)

k=1 7 Tan1 10=6;1>

Hence we write

no
u= Zuj +u®, where u; :/ Xo(@)wo(-, 0)db.
- |0—0; \S
So, we have
lu)* < CE*, (3.23)
and

no
S g2 = ull? — CE =1 CE.
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We notice that using the fact that w(-, 0) € H,‘lﬂ, and (3.23) is based on the choice of [,
the localisation length in the quasimomentum 6, we get that

|Vu||?> < CE>'. (3.24)

Now using (3.24) in (3.18), we get that for £ small we have

D " = p")Vuy, Vuy)| = E* /4. (3.25)

1<j,j'<ng

So, for some 1 < j, j' < ng, one has

(%" — pOm)Vuj, V)| =

d
D K0 = "M, By} | = EY/(2no)?. (3.26)
i=1

Now we state a lemma based on the Uncertainly principle and proved in [9] (see
Lemma 2.1 and Lemma 5.1 in [9]).

Lemma3.2[9] Fix 1 <j<ngand 1 <i <d. For1 <l <lI there exists ﬁj e L>(RY) such
that
(1) @; is constant on each cube

1 1
Ay‘,/:{x:(xl,...,xd); VlStfd,—l/—ifx,—(Zl’—I—l)y,<l’+§},

where y = (y1,...,vq) € Z°.
(2) AC > 0 depending only on wy(-, 0) such that
800 — ;- By, Wo (-, 0) || 2may < CI'/ 1, (3.27)
where Wy (-, ) is the periodic component of wy(-, 0) i.e. wy(-, 8) = e**wy(-, 6).

Let

YH) = 17508, Wo(x. ;) = 0, To(x, 6) Y 21+ 1) a;(B)Larsnpin,, -
ﬂEZ‘l

So, forany 1 <i <d and 1 < j <ng,3C > 0 depending only on wy(:, 8) such that
[0y, 1 — W;HLZ(Rd) <cCl'/l. (3.28)
We notice that w; (x) =u;(x)d,wo(x,6;) € L?(RY). Using the periodicity of wy(x, 0;)

we get,

1122 gy = 175 ()3, W0, 0) 172y = Y la;(B)I f |0, Wo(x,0))*dx.  (3.29)

Bezd Aoo

Then using (3.28) and the fact that f/\oo [0, wo(x, 0;)?dx = f/\oo |0, Wo(x, 0;) > dx; we
get that there exists C > 0 such that ‘ ’

> " 1a;j (B < Clldu;ll 2ggay < +00. (3.30)
ﬁEZ‘l
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We set 21" + 1 = [E~1/2¥2], and 2k’ + 1 = [E~"'], - [E™"],, for & < p' < 74 and
n > 0so that 2n + 1) = 21’ + 1) - (2k’ 4+ 1). So taking into account (3.26, 3.28) and the
choice of [ and I, we get

d
D U@ = PO )| = E®/(2n0)* — CE?' > E*/(4no)*. (3.31)
i=1
‘We set
0.n  0n\a/nl i i
|<(10w - 100’ )Wja Wj/” = Z |Aj,j’|’
i=l1 1<i<d
with
i 0.0 _ 0 \afpi of i
Ajﬁj/ - ((,Ow - p() )W,w wj'>«
‘We have
A=) 3 @+ DB - ap(p)
ﬂeZd )/EZ‘ZI"+I

x / (2" = o) (x — V)0, Wo(x, 0;) - B, Wo x, 0))dx
Q@U+DB+Ag

=Y > ;B -a;B)

d . o7d
BeZf yely,

1 f 0 ’ —
X (o, = PO (x —y + QI+ 1D)B)dy, wo(x, 6;)
@+ Jy,

X Oy, Wo(x, 0;1)dx. (3.32)

As p" is (2n + 1)Z4-periodic and (2/' + 1)(2k’ + 1) = (2n + 1) we get that

A= 30 Y S @B+ @K+ 1)) ay(B+ @K+ DP)

ﬁeZ‘zlk,H Bezd yezd, |
1

Y

/ (2" — pOmy(x — y + (2" + 1)B)dy, Wo(x, ;)
Ao

X 0y Wo(x, 0;)dx. (3.33)

Using the expression of p,, we get that.

A= 3 Y S (@, —@)a;(B+ @K + DB)ay (B + @K+ D)

d d ' e7d
ﬂeZZk,H VEZZII+1 BeZ

1 _
x QU+ 1) / POx—y+ Q'+ 1)B) 0y, wo(x, 0;)0y, wo(x, 0;)dx. (3.34)
Ao

We set

B /()= Z aj(B+ Q2K+ 1)B)-ayp(B+ QK+ 1. (3.35)

ﬂ’EZ‘l
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Non-Lifshitz Tails at the Spectral Bottom 723

Then we get that

A=+ Y (wy—5)< > Bi®

yezd BELyyr 4
X /
AO,l/

=@ +n? Y [ > (wy+<zw+w—5)< > By®

yeZ y rezd BELyyr 1

2n+1

P°(x =y + (2 + 1)B)d,Wo(x, 6)) - 0, Wo(x, 9;/)dx)

20 +1 2k +1

X / P’(x —y + QU+ D(B —¥))d, Wo(x, 0)) - 0y, Wo x, 9jf)dX)]- (3.36)
AOI/
We set

Ciitriv)

= Y BB / p’(x =y + Q1+ 1)(B — ¥y Wo(x, 0,0, wo(x, 0;)dx
AO.[’

ﬂeZ

2% +1
and
Y= Y. (@prarany —®)C (v, v).
yEZZk’H
Then
Al 3.37
= @ +1>d Z @) (3.37)

2l/+1

Notice that (YJ’: j;(]/))yezd are bounded random and independent variables with
’ 20/ +1

E(Y;‘j,(y)) = 0. Indeed, using the fact that p° is compactly supported and (3.30) we get
that IYJ‘f.j,(y)I is bounded. So, to estimate the probability of Q(n, E, «) it suffices to esti-
mate the probability that

1

G L Yz E G (3.38)

Ve 21’+1
This probability is given by the large deviation principle which gives that [2]
o 2 i L1\ d 2
P(E /(4ng)* < (21, S Z Y,,,(y)) < exp(—c(l)* E™)

21 +1

< exp(—c E—d/2+2dp’+2a).

@ Springer



724 H. Najar

Here we have used the expression of /. Using the fact that for our choice of p’ we have
—d/2+2dp’ + 2a <0, so for some 7 > 0 and E sufficiently small, one has

2/ +1

As the probability of Q(n, E, «) is bounded by the sum over 1 <i <d and 1 < j, j' <nyg
of the probability estimate previously, we get the result of the Lemma 3.1 and consequently
the proof of Theorem 1.1 is finished. Indeed, for E small enough we have £ — E* < 0 and
H has no spectrum below zero. O

Acknowledgements It is a pleasure to thank Frédéric Klopp for interesting discussion concerning this
work and Mounir Ben Salah, the organizer of the spectral theory and EDP conference at Kairouan, for the
financial support.

References

1. Figotin, A., Klein, A.: Localization of classical waves I: acoustic waves. Commun. Math. Phys. 180,
439-482 (1996)

2. Dembo, A., Zeitouni, O.: Large Deviation Techniques and Applications. Jones and Bartlett, Boston
(1993)

3. Deuschel, J.-M., Stroock, D.: Large Deviations. Pure and Applied Mathematics, vol. 137. Academic,
San Diego (1989)

4. Donsker, D., Varadhan, S.R.S.: Asymptotics for Wiener sausage. Commun. Pure Appl. Math. 28, 525—
565 (1975)

5. Donsker, D., Varadhan, S.R.S.: Asymptotic evolution of certain Markov process expectations for large
time. Commun. Pure Appl. Math. 28, 279-301

6. Kirsch, W.: Random Schrodinger operators. In: Lecture Notes in Physics, vol. 345, pp. 264-370.
Springer, Berlin (1989)

7. Kirsch, W., Martinelli, F.: Large deviations and Lifshitz singularity of the integrated density of states of
random Hamiltonians. Commun. Math. Phys. 89, 27—40 (1983)

8. Kirsch, W., Nitzschner, F.: Lifshitz-tails and non-Lifshitz-tails for one-dimensional random point in-
teractions. In: Order, Disorder and Chaos in Quantum Systems. Oper. Theory Adv. Appl., vol. 46, pp.
171-178. Birkhauser, Basel (1990)

9. Klopp, F.: Weak disorder localization and Lifshitz tails: continuous Hamiltonians. Ann. Henri Poincaré
3, 711-737 (2002)

10. Klopp, E.: Internal Lifshitz tails for random perturbations of periodic Schrodinger operators. Duke Math.
J. 98(2), 335-396 (1999)

11. Klopp, F.: Internal Lifshitz tails for Schrodinger operators with random potentials. J. Math. Phys. 43(6)
(1999)

12. Kozlov, S.M.: Conductivity of two-dimensional random media. Russ. Math. Surv. 34(4), 168-169 (1979)

13. Nakao, S.: On the spectral distribution of the Schrédinger operator with random potential. Jpn. J. Math.
3, 111-139 (1977)

14. Lifshitz, I.: Structure of the energy spectrum of impurity bands in disordered solid solutions. Sov. Phys.
JETP 17, 1159-1170 (1963)

15. Najar, H.: Asymptotique de la densité d’états intégrée des opérateurs acoustiques aléatoires. C.R. Acad.
Sci. Paris 333(I), 191-194 (2001)

16. Najar, H.: Lifshitz tails for random acoustic operators. J. Math. Phys. 44(4), 1842-1867 (2003)

17. Najar, H.: Asymptotic behavior of the integrated density of states of acoustic operators with random long
range perturbations. J. Stat. Phys. 115(4), 977-996 (2004)

18. Najar, H.: 2-dimensional localization of acoustic waves in random perturbation of periodic media.
J. Math. Anal. Appl. 322(1), 1-17 (2006)

19. Najar, H.: The spectrum minimum for random Schrodinger operators with indefinite sign potentials.
J. Math. Phys. 47(1) (2006)

@ Springer



Non-Lifshitz Tails at the Spectral Bottom 725

20.

21.
22.

23.
24.

Najar, H.: Lifshitz tails for acoustic waves in random quantum waveguide. J. Stat. Phys. 128(4), 1093—
1112 (2007)

Pastur, L., Figotin, A.: Spectra of Random and Almost-Periodic Operators. Springer, Berlin (1992)
Reed, M., Simon, B.: Methods of Modern Mathematical Physics. Analysis of Operators, vol. IV. Acad-
emic Press, New York (1978)

Simon, B.: Lifshitz tails for the Anderson model. J. Stat. Phys. 38, 65-76 (1985)

Stollmann, P.: Caught by Disorder Bounded States in Random Media. Birkhéuser, Basel (2001)

@ Springer



	Non-Lifshitz Tails at the Spectral Bottom of Some Random Operators
	Abstract
	Introduction
	The Model
	The Result

	The Periodic Approximations
	Some Floquet Theory
	The Study of the IDS of the Periodic Approximations

	The Proof of Theorem 1.1
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


